NON-COMMUTATIVE pi-BUNDLES OVER COMMUTATIVE 

SCHEMES 
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Abstr act. In this paper we develop the theory of non-commutative -bundles 
over commutative (smooth) schemes. Such non-commutative P^-bundles occur 
in the theory of D-modules but our definition is more general. We can show 
that every non-commutative deformation of a Hirzebruch surface is given by 
a non-commutative P^-bundle over P^ in our sense. 
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1. Introduction 

In this paper we develop the theory of non-commutative P^-bundles over com- 
mutative (smooth) schemes. Such non-commutative P^-bundles occur in the theory 
of D-modules (see [5]) but our definition is more general. The extra generality is 
needed to cover basic examples in non-commutative algebraic geometry [29] . As an 
indication that our definition is the "right one" we present a proof that every non- 
commutative deformation of a Hirzebruch surface is given by a non-commutative 
P-'^-bundle over P-'^ (see below). 

Let us explain our definition. Assume that A is a scheme of finite type over a 
field k. Following [29] and later [22, 23] we define a shbimod(A — A) as the category 
of coherent Oxxx modules whose support is finite over X on the left and right. We 
call the elements of shbimod(A — A) "sheaf-bimodules" to distinguish them from 
the somewhat more general bimodules which were introduced in [30] . The category 
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of coherent sheaves on X may be identified with the objects in shbimod(X — X) 
supported on the diagonal. 

Convolution makes shbimod(X — X) into a monoidal category so we may define 
a "Z-graded sheaf-algebra" on X to be a graded algebra object in shbimod(X — X). 
If .4 is a graded sheaf-algebra then we may define a category Gr(^) of graded A- 
modules. Following [1] we define QGr(^) as Gr(^) divided by the modules which 
are direct limits of right bounded ones. 

A first approximative approach to non-commutative P^-bundles on X, advocated 
in [22, 23, 29], is to consider abelian categories of the form QGr(^) where ^ is a 
graded sheaf-algebra on X which resembles the symmetric algebra of a locally free 
sheaf of rank two on X. 

In order to explain this definition we need a notion of locally free sheaf in 
shbimod(X — X). We say that £ G shbimod(X — X) is locally free (of rank n) 
if prj^^ £ and pr2^ £ arc locally free (of rank n). li £ G shbimod(X — X) then we 
may define the tensor algebra Tx£ in the obvious way. If £ is locally free of rank two 
then in [22, 23, 29] a non-commutative symmetric algebra of rank two associated 
to £ is defined as a graded sheaf-algebra of the form Tx£/ (Q) where Q C £ ® £ is 
Q is locally free of rank one. While this is a reasonable definition there are some 
problems with it. 

• It is not so easy to find suitable Q inside £ ^£ (see the complicated com- 
putations in [29]). 

• The dependence of QGt{Tx£ / (Q)) on Q has not been made clear. 

In this paper we solve these problems by showing that Q is actually superfiuous (!) 
if X is smooth. In other words the theory can be set up in a manner which does 
not depend on an additional choice of Q. 

We need the concept of a sheaf-Z-algebra on X . This is a sheaf algebra version 
of a usual Z-algebra [7] [26]. Thus a sheaf Z-algebra on X is defined by giving for 
i, j G Z an object Aij in shbimod(X — X) together with "multiplication maps" 
Aij <S) Ajk Aik and "identity maps" Ox An satisfying the usual axioms. As 
in the graded case we may define abelian categories Gr(^) and QGr(^). 

Let £ be locally free of rank n. Then it is easy to show that — (E)Ox ^ ^ 
right adjoint — (^Ox where £* S shbimod(X — X) is also locally free of rank 
n (this depends on X being smooth). Repeating this construction, we may define 
g*2 ^ g** requiring that — (^q^ £** is the right adjoint of - (g)Ox £* ■ By 
induction, we define f *" = (£;*("-!))* for n > and by considering left adjoints we 
may define for n < 0. Standard properties of adjoint functors yield a bimodule 
inclusion i„ : Ox ^ £*" ® £*^''+^\. 

We now define S(£) as the Z-algebra which satisfies 

(a) S{£)nn = Ox; 

(b) S(£)„,„+i = 5*"; 

(c) §{£) is freely generated by the S{£)n,n+i, subject to the relations given by 

the images of i„. 

Definition 1.1. The non-commutative P^-bundle ¥{£) on X associated to the 
locally free sheaf bimodule of rank two £ on X is the category QGr(S(f )). 

It is easy to see that if £ is an ordinary commutative vector bundle of rank 2 on 
X then Gt{Sx{£)) — Gr(§(5)). Thus the notion of a non-commutative P^-bundle 
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if a generalization of tlie eoinmutative one. This is no longer true in higher rank 
but even then the algebra S{£) could be interesting in its own right. 

We will show (see §5.2) that if f € shbimod(X — X) is locally free of rank n and 
Q C £ £ is of rank one and satisfies a suitable non-degeneracy condition then 
Gt(Tx£/{Q) = Gr{S{£)). This shows that the current definition of P^-bundles is 
indeed a generalization of the earlier one. 

Let us now give a more detailed description of the content of this paper. Our 
first main result is the following. 

Theorem 1.2. If £ is locally free of rank two then Gr(S(£)) is a locally noetherian 
Grothendieck category. 

To prove this wc follow a standard approach (see [3]) which consists in defining 
a suitable quotient I? of ^ = S{£) through the functor of point modules. The sheaf 
Z-algebra V will be noetherian by construction and we will show that there is an 
invertible ideal J C A>2 such that V = Aj J . Then we may conclude by invoking 
a suitable variant of the Hilbert basis theorem. 

Point modules over sheaf-(Z)-algebras have been defined in Adam Nyman's PhD- 
thesis [19] and he has shown that the corresponding functor is reprcscntablc (under 
suitable hypotheses). In particular it follows from his results that the point functor 
of S(£) is representable by fxv.x{£)- We reproduce the proof of this fact since we 
need the exact nature of the bijections involved. 

Our second main result is the following. 

Theorem 1.3. Assume that Z is a Hirzebruch surface. Then every deformation 

of Z is a non-commutative -bundle over P^. 

For a precise definition of the notion of deformation we use we refer to §8.2 
(which is based on [28]). The proof of Theorem 1.3 is based on the observation 
that on Z there are canonical exceptional line bundles which may be lifted to 
any deformation. Imitating some standard constructions in commutative algebraic 
geometry using the resulting objects yields the desired result. 

After this paper was put on the arXiv the theory of non-commutative P^-bundles 
has been further developed. In [20, 21] it was proved that they are Ext-finite and 
satisfy a classical form of Serre duality (in the current proof of Theorem 1.3 wc 
use some results from these papers). In [16] it was shown that non-commutative 
P^-bundles share a number of geometric properties with their commutative coun- 
terparts. These results are stated in the language of non-commutative algebraic 
geometry (where Grothendieck categories play the role of spaces, see e.g. [25, 30]). 
In this setting one may define a structure map / : F{£) — )• X and Izuru Mori shows 
that the fibers do not intersect. He also defines a certain "quasi-section" for / and 
computes its self-intersection. 

In [8] the authors attack the reverse question. They generalize a standard char- 
acterization of ruled surfaces [12] to the non-commutative case. Due to some new 
non-commutative phenomena that have to be dealt with they do not yet obtain a 
full analogue but nonetheless non-commutative P^-bundles appear as a basic exam- 
ple. Along the way the authors prove that non-commutative P-'^-bundles satisfy the 
Bondal-Kapranov strengthening of Serre duality [6] and are "strongly noetherian" 
(which is important for the construction of Hilbert schemes in this generality [2]). 
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3. Notations and conventions 
Unless otherwise specified all schemes below will be of finite type over a field k. 

4. Sheaf-bimodules 

4.1. Generalities. In the current and the next section we recapitulate the defini- 
tion of sheaf-bimodules from [29] and we give additional properties. Since we will 
need to work with certain families of objects it will be convenient to develop the 
material over a base-scheme S. In the applications we will assume S = Spec k. 

Below S is a sclic;nic' and a : X ^ S, (3 : Y ^ S, j : Z ^ S will be S- 
schemes. An iS-central coherent X — F-sheaf-bimodule £ is by definition a coherent 
Cjf xsF-module such that the support of £ is finite over both X and Y. We denote 
the corresponding abelian category by shbimods(X — Y). More generally an S- 
central X — y-sheaf-bimodule will be a quasi-coherent sheaf on X XsY which is a 
filtered direct limit of objects in shbimods(X — Y). We denote the corresponding 
category by ShBimod5(X — Y). An object £ in ShBimod5(A" — Y) defines a right 
exact functor — CSiOx ^ '■ Qch(X) — >• Qch(y) commuting with direct sums via 
Pi"2*(pi"i(^) '^^OxxsY object in ShBimod5(y — Z) then the tensor 

product £ F is defined as prj3^(pr^2f ®Oxx.yxz W2^^)- It is easy to show 
that this definition yields all the expected properties (see [29]). 

Now assume that we have finite S-maps u : W X and v : W ^ Y. liU 
is a quasi-coherent Ovv-module then we denote the X — F-bimodule {u,v)JJ by 
uUv Any bimodule £ can be presented in this form since we may take W to be 
the scheme-theoretic support of £. Prom the definition it is easy to check that 
-®cMp = P.{a*{-)®Oy, U). 

It is useful to know that the functor — ®Ox ^ actually determines £. Let us 
define Bimod(X — Y) as the category of right exact functors Qch(A) — )■ Qch(F) 
commuting with direct sums (this equivalent to the definition in [30]). Then we 
have a functor 

F : ShBimods(X -Y) ^ Bimod(X - Y) 
which sends £ to the functor — ^- We have the following result. 

Lemma 4.1.1. The functor F is fully faithful. 

Proof. We have to show how to reconstruct £ from the functor — ^Ox ^■ 

Choose an affinc open covering X = (J - {/, and let Ui : Ui ^ X, mj : UidUj — >■ X 

be the inclusion maps. 

Assume that H : Qch(X) Qch(y) is a right exact functor commuting with 

direct sums. Then H{ui^,Oui) will be a quasi-coherent sheaf on Y with an Ox{Ui) 
structure. There is a corresponding quasi-coherent sheaf on C/j xg Y. 

In a similar way we find quasi-coherent sheaves Hij on {Ut dUj) XgY together 
with maps Hi \ Ui Ci Uj — >■ Hij. We define T = ker(®jU,*/f, ®i^jUijt,Hij). It is 
easy to see that li H = — ®Ox ^ then T — £. □ 

It would be interesting to give a more precise characterization of the essential 
image of the functor F. One useful observation is that if f € ShBimods(^ — Y^ 
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then — ®Ox ^ preserves exactness of short exact sequence of vector bundles. This 
leads to the following example. 

Example 4.1.2. Let S = Spec A;, X = and let H : Qch(X) Qch(X) be the 
functor given by H{M.) = Ofi (8)fe H^{X, A4). Then H does not preserve exactness 
of 

^ Opi(-2) ^ Opi(-l)2 ^ Opi ^ 

and hence it is not in the essential image of F. 

If we compute as in the proof of Lemma 4.1.1 then we find = which gives 
another reason why H is not in the essential image of F. 

A partial result in this context has been obtained by Nyman in [18]. 

Definition 4.1.3. An object £ in shbimods(X — y) is locally free on the left (right) 
(of rank n) if pr^^ £ {P^2* ^) is locally free on X (Y) (of rank n). 

In the sequel we will use the following lemma to show that certain sheaves are 
locally free. 

Lemma 4.1.4. Assume that -tp : R ^ S is a local ring homomorphism between 
noetherian commutative local rings with maximal ideals m,n. Let u : M ^ N be 
a morphism between finitely generated S modules where N is in addition flat over 
R. Assume that u (^r R/m is infective with S/mS-free cokemel. Then u is also 

injective with S-free cokemel. 

Proof. Let C be the cokernel of u. By hypotheses C/mC is free over S/mS. Choose 
an isomorphism [S/mSY —5- C/mC and lift this to a map 6 : S'^ ^ C. Let T its 
cokernel. Tensoring with R/m yields T/mT = 0. Since tplm) C n wc obtain T — 
by Nakayama's lemma. Now factor 9 through a map 9' : S'' ^ N and let K be the 
puUback of 6' and u. Thus we have an exact sequence: 

0-)-K-^M®S'' -^^^ iV ^ 

Since N is flat over R this sequence remains exact if wc tensor with R/mR. Since 
{S/mSY is isomorphic to coker u (Sir R/m we deduce that K/mK = 0. By 
Nakayama we obtain K = {). This clearly implies what we want. □ 

If OL is smooth then we will say that a is equidimensional if the fibers of a are 
equidimensional and if furthermore they all have the same dimension. We will 
say that a is of relative dimension n if it is equidimensional and if all fibers have 
dimension n. 

The following result will be very convenient: 

Proposition 4.1.5. Assume that a, 13 are smooth and equidimensional of the same 
relative dim,ension. Then £ € shbimod(X — Y) is locally free on the left if and only 
it is locally free on the right. 

Proof. Assume that £ is locally free on the left. We will show that it is also locally 
free on the right. First consider the case that S = Specfc. Then X and Y are 
regular of the same dimension. As above we may assume that £ = for finite 
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maps 6 : W ^ X , e : W Y . We then have the fohowing chain of imphcations: 
5M is locally free SM is maximal Cohen-Macaulay 

is maximal Cohen-Macaulay on W 
is maximal Cohen-Macaulay 
=> eJJ is locally free 

The last implication follows from the fact that Y is regular. 

Now consider the case where S is general. From the hypotheses that 5JA is 
locally free over X we obtain that U is flat over S and hence eJA is also flat over 5 
(since e is finite). 

Thus eJA is flat over S and every s G S we have that et:{lAs) is locally free over 
Yg. Then lemma 4.1.4 with M = shows that eJA itself is locally free. □ 

Below we assume that a: X^S,P: Y^S,^: Z^S are smooth and 

equidimcnsional of the same relative dimension. The following lemma shows that 
tensor products of locally free bimodulcs behave as they should. 

Lemma 4.1.6. Assume that £ G shbimod5(X — Y) and T G shbimod5:(y — Z') 
are locally free. Then £ ^ is also locally free. Furthermore if £ and T have 
constant rank on the left then so does £ J" and the left rank of £ ®Oy 
product of the left ranks of £ and T . 

Proof. Let us first consider the case S = Speck with k algebraically closed. By 
breaking X, Y, Z into connected components we easily reduce to the case where 
X, Y, Z are connected, so let us assume this and let the ranks of £ and J" on the 
left be equal to m and n respectively. 

We now have to show that length(Oa; ^ '^'Oy = "^'^ for all closed points 
X € X. Since Ox ®Ox ^ is an extension of m objects of the form Oy. for some 
yi G Y, this is clear. 

Now consider the case where 5 is general. We obtain that £ ®Oy ^ is flat over 
S with left locally free closed fibers. Then lemma 4.1.4 with M = shows that 
£ ®Oy ^ itself is left locally free. The statement about the rank of £ ®Oy also 
easily follows. □ 

Now assume that £ is an object in shbimods(X — F) which is locally free on 
the left (and hence on the right). We want to construct a right dual £* to £. I.e. 
£* G shbimods(y — X) and we should have 

Homy(^Oo^ £:,S) = ^oviix{A,B ®Oy £*) 

According to lemma 4.1.1 this property defines £* up to unique isomorphism, if it 
exists. 

We now describe — (gor ^* more precisely. With the same notations as before 
we assume £ = where lA G coh(W). Let us denote with /3' the right adjoint to 
/3* . Then it is easy to verify that one has 

£* = pUomw{U,l3-OY)oc 

from which in particular we deduce 

(4.1) pri,(r)^pr2,(£)* 

Thus the left structure of £* is given by the dual of the right structure of £. 
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Let R(3' be the right derived functor to /3' (note that this is somewhat at variance 
with the usual definitions). Then it is clear that we also have 

(4.2) £* =0 Uomw{U, R0-Oy)c. = RHomwiU, R0-O)oc 
Furthermore if ujx/s denotes the relative dualizing complex then we have i?/?' [Oy) = 
ijJw/s ®Ow I^*^y]s froi^ which we deduce 

(4.3) £* = uj-]g ^(W^)„ 

where (— )^ denotes the Cohen-Macaulay dual. By symmetry we have a similar 

formula 

(4.4) *£^ p(U''U®o.uj-)s 
where *£ is defined as £* but using left adjoints. 
Lemma 4.1.7. We have £** = to^^g ®Ox ^ ®Oy ^y/s 

Proof. The author learned this beautiful formula from notes by Kontsevich [13] 
where it is shown that it holds more generally in the setting of derived categories. 
In our current setting it follows trivially from (4.3). 

CoroUciry 4.1.8. The left rank of £ equals the right rank of £* and vice-versa. 

Proof. According to (4.1) the left structure^ of £* is given by the ordinary vector 
bundle dual of the right structure of £. Thus the right rank of £ equals the left 
rank of £*. In the same way we find that the right rank of £* equals the left rank 
of £** . Now from lemma 4.1.7 we easily obtain that the left rank of £** equals the 
left rank of £ which finishes the proof. □ 

The following lemma will be used many times. 

Lemma 4.1.9. The formation of {—)* is compatible with base change for locally 
free coherent sheaf -himodules. 

Proof. If £ is a locally free coherent sheaf-bimodule on X and we have a base 
extension T S then using the formula (4.3) we see that there is at least a map 
of sheaf-bimodules {£*)t (^t)*- Then by looking at the left or right structure 
we see that this map is an isomorphism. □ 

Using standard properties of adjoint functors together with lemma 4.1.1 we ob- 
tain canonical maps in ShBimods(X — Y) 

i:Ox^£ ®Oy 
j : £* ®Ox £^Oy 
In the sequel we will need some properties of these maps. 

Proposition 4.1.10. (1) i is injective and it cokernel is locally free. 
(2) j is surjective (and hence its kernel is trivially locally free). 

Proof. We only consider (1). (2) is similar. With a similar method as the one that 
was used in the proof of Proposition 4.1.5 it suffices to prove this in the case that 
S = Spec k. If we restrict to this case then it is sufficient to prove that for all closed 
points X ^ X the map 
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is non-zero. Now this map is obtained by adjointness from the identity map 

Since this map is obviously non-zero we are done. □ 

Below it will be convenient to have a slight generalization of the relationship 

that exists between members of a pair {£,£*). 
Therefore we make the following definition. 

Definition 4.1.11. Q € shbimods(X — Z) is invertible if there exists € 
shbimod5(Z — X) together with isomorphisms Q<^Oz — and ^Ox Q — 
Oz. 

Using the results in [4] or [1] one obtains that Q £ shbimodg {X — Z) is invertible 
if and only if Q = idx('^)/3 where £ G Pic{X) and /3 is an S" isomorphism between 
X and Z. 

Definition 4.1.12. Let £, T be locally free objects respectively in shbimod(X — F) 

and shbimod(Y' — Z). Assume that Q is an invertible object in shbimod(X — Z~) 
and assume furthermore that Q is contained in E ®Ox ■ We say that Q is non- 
degenerate if the following composition 

£* ®Ox Q^S* ^Ox £ ®Oy T 

is an isomorphism. 

Clearly if Q is non-degenerate in £ ®Oy ^ then we have 

(4.5) e^'^T^oxQr^ 

4.2. Sheaf algebras and sheaf Z-algebras. In this section the notations will 
be as in the previous section. It is clear that ShBimods(X — X) is a monoidal 
category so we can routinely define algebras and /-algebras in this category (see 
[7] for the definition of ordinary Z-algebras. If we replace the indexing set Z by 
an arbitrary set / then we obtain the notion of an /-algebra). We will call these 
(S'-central) sheaf- algebras and (5-central) sheaf-/-algebras. For example a sheaf- 
algebra on X is an object A in ShBimod5(X — X) together with a multiplication 
map A ®Ox A^ A and a unit map Ox — > A having the usual properties. If A is 
a sheaf-algebra on X then we define Mod(.4) as the category consisting of objects 
in Qch(X) together with a multiplication map M. ®Ox A ^ M^, again satisfying 
the usual properties. In the same way we may define ShBimod(^ — A). This and 
similar notions will be used routinely in the sequel. We leave the obvious definitions 
to the reader. 

The previous paragraph makes clear what we mean by a sheaf- /-algebra on X. 
However in the sequel we will use this notion in somewhat greater generality. So 
we will discuss this next. 

Assume that S is a family of S schemes (Xi : Xi S indexed by i e /. A sheaf 
/-algebra on S is defined by giving for i, j G / an object Aij in ShBimods(Xj — Xj) 
together with "multiplication maps" A^ij ®Oxj -^jk -^ik and an "identity map" 
— > An satisfying the usual axioms. 

If .A is a sheaf- S-algebra then an >l-module is a formal direct sum ®jg/A^j 
where A4i G Qch(Xi) together with multiplication maps Aii <E)Ox -^ij ^ -^j; 
again satisfying the usual axioms. We denote the category of ^-modules by Gr(^). 
It is easy to see that Gr(.A) is a Grothendieck category. 
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Unless otherwise specified we will now assume that / = Z even though some (but 
not all) notions below make sense more generally. We will say that A is noetherian 
if Gr(^) is a locally noetherian abelian category. In the case that A is noetherian 
we borrow a number of definitions from [1]. Let M G Gr(^). We say that M 
is is left, resp. right bounded if Mi = for i ^ resp. i ^ 0. We say that M 
is bounded if M is both left and right bounded. We say M is torsion if it is a 
direct limit of right bounded objects. We denote the corresponding category by 
Tors(^). Following [1] we also put QGr(^) — Gr(^)/ Tors(^). Furthermore we 
define the following functors, t : Gr(^) Tors(^) is the torsion functor associated 
to Tors(^); tt : Gi{A) QGr(^) is the quotient functor; ui : QGr(A) Gt{A) is 
the right adjoint to tt and finally (— ) = ojw. 

In these notes we will use the convention that if Xyz is an abelian category then 
xyz denotes the full subcategory of Xyz whose objects are given by the noetherian 
objects. Following this convention we introduce qgr(^) and tors(^). Note that if 
M £ tors(^) then M is right bounded, just as in the ordinary graded case. It is 
also easy to see that qgr(^) is equal to gr(^)/ tors(^). We put A>i = (Bj-i>iAij 
and similarly A<i = (Bj-i<iAij. A>o and ^<o are both sheaf- /-subalgebras of A 
and A>i and A<i are sheaf-bimodules over respectively A>o and A<o- 

We say that A is positive if ^ = ^>o. 

Lemma 4.2.1. [17] A is noetherian if and only if A>o and A<o are noetherian. 

We will use the following generalization of the Hilbcrt basis-theorem. 

Lemma 4.2.2. Assume that A is positive and let I C A>i be an invertible ideal 
in A (that is an invertible object in ShBimod(.A — A) which is contained in A). If 
A/I is noetherian then so is A. 

A is said to be strongly graded if the canonical map Aij ^Ox^ -^jk is surjective 
for all i,j,k. We have [17] 

Lemma 4.2.3. // A is strongly graded then the restriction functor Gt{A) — >■ 

Mod{Aii) : M ^ Mi is an equivalence of categories for all i. 

An interesting fact about sheaf-Z-algebras is that they admit a useful form of 
twisting. Let ^ be a sheaf-Z-algebra over S and let S' = {X- )i^z be another family 
of S'-schemes. Lcit % be invertible objects in ShBimods(Xi — X^). Define the 
sheaf-Z-algebra B via 

It is easy to see that the functor 

defines an equivalence Gi{A) = Gr(;B). 

4.3. Ampleness. If S = (a^ : Xj — >• S')iez and = : — >■ 5')i£z are collections 
of S'-schemes then a map 7 : O — > S is a collection of maps (7, : — >^ -^i)iez such 
that ai7i = ft. Assume now that the following condition holds: 

(C) Let i,j G Z be arbitrary and let Z he & closed subset of Y; Xg Yj which is 
finite over both factors. Then the image of Z in x g Xj is also finite over 
both factors. 
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Example 4.3.1. Here is an example why this condition is not vacuous even if 
Yi Xi is proper. Let S = Spec k and let {E, +) be an elliptic curve over k. 
Assume Yi = Yj = E x E and Xi = Xj = E where E is the first factor in E x E. 
Let Z c {E X E) X {E X E) he the graph of the automorphism E x E ^ E x E : 
{x, y) 1-^ {x + y, y). Then the projection oi Z on E x E is E x E and hence is not 
finite over both factors. 

If S is a sheaf-Z-algebra on Q satisfying (C) then we may define sheaf Z-algebra 

7*(S) on S by 

7*(fi)*i = (7»,7j)*(i3y) 
There is a canonical functor 7, : Gr(i3) Gt(j^B) : ®iMi ^ ®tji.*Mi. This 
functor factors through a functor 7* : QGr(i3) QGr(7,S). In the sequel we will 
study the properties of this functor in some special cases. 

Let us now assume that ;B is a positive sheaf-Z-algebra on Q such that all Bij 
are coherent. Assume furthermore that all 7i are proper. Examining [4, 29] leads 
to the following notion. 

Definition 4.3.2. B is ample for 7 if the following conditions hold 

(1) B is noctherian. 

(2) For every i e Z and M G coh(yi) we have that M (^Ov ^ij is relatively 
generated by global sections for the map for j » 0. 

(3) For every i € Z, k > and M G coh(yj) we have that R'''yj*{M^OY. ^ij) 

for j > 0. 

Generalizing [1, 4, 29] we then obtain: 

Theorem 4.3.3. Assume that condition ( C) holds and that all 7, are proper. As- 
sume furthermore that B is ample for 7. Then 7* is an equivalence of categories. 
In addition 7* (.8) is noetherian and the functor ^(^t, preserves noctherian objects. 

4.4. Point modules. Point modules over sheaf- (Z-) algebras have been introduced 
by Adam Nyman in his PhD-thesis [19]. We reproduce his definition below. 

Wc first introduce another notion of local freeness. If a : X S' is an 5-schcme 
and P e coh(Ar) then we say that P is coherent over S if the support of P is finite 
over S. 

We say that P is locally free (of rank n) over S' if P is coherent over S and a*P 
is locally free (of rank n). If P is locally free of rank one then it is of the form 
for a unique section C, : S ^ X oi a and Q a line bundle on S. Using a slight abuse 

of notation we write P~^ for C,t,{Q~^). li a : X ^ S and /3 : F — > 5 are S'-schemes 
and if Pi € coh(X), P2 G coh(y) arc locally free of rank one over S then so is 

Pi Ms P2 = prt(Pi) pr;(P2) 

Note that if Pi = Ci*(Qi) and P2 = C24Q2) then 

PlKs-P2 = (Cl,C2)*(<9l ®Os Q2) 

We will need the following result. 

Lemma 4.4.1. Assume that a : X ^ S and /S : Y ^ S are S-schemes and let 
£ e ShBimods(-'^ — Y). Let Pq € coh(X), Pi e coh(F) be locally free of rank one 
over S. Then we have canonical isomorphisms: 

(4.6) Homo^(Po ®Ox £,Pi) = Homo^,^^ (f , Pq-^ Pi) 

Furthermore under this isomorphism, epimorphisms correspond to each other. 
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Proof. This is a direct computation. Let Pq = Co*(Qo)j Pi = Ci*('3i) where 
5 — > X, <^2 : — >■ F are sections of a and /3 respectively. We have 

Po 'Siox £ = Pr2*(prt Co*Qo ^Oxxsy ^) 

Thus we have 

Homeiy(Po Oox ^>-Pi) = Homeis(Ci pr2*(prj Co*<3o ^Oxxsy ^)><3i) 
If we look at the following puUback diagram: 

pr2 

S Y 

then we find 

Ci* Pr2*(prl Co*Qo Ooxxsy ^) = Q!*(idx,Cia)*(prt Co*Qo Ooxxgy ^) 

= a*(Co*(5o (^Ox (idx,Cia)*^) 
= q:,Co*(Qo ®Os Co(idx,CiQ;)*^) 
= 0o ®Os (Co,Ci)*(f) 

We now compute 

Homos(Qo OOs (Co,Ci)*^,Qi) = Homc,s((Co, Ci)*'^^, Qo ^ ®Os Qi) 

= Homo^^^^(£:, (Co,Ci)*(Oo ^ <8'Os Qi)) 

To prove the claim about preservation of cpimorphisms one simply checks that 
epimorphisms are preserved in each individual step. □ 

Assume now that ^ is a positively graded sheaf-Z-algebra on S. Just as in the 
case of ordinary algebras one may define a concept of point modules in Gr(^). 

Definition 4.4.2. An m-shifted point module over A is an .4-module P generated 
in degree m such that for n > m we have that P„ is locally free of rank one over S. 

A 0-shifted point module will be simply called a point-module. An extended point 
module over A is an .4-module P such that for all m, P>m is an m-shifted point 
module. 

To study point modules it will be convenient to introduce the notion of a trun- 
cated point module. Let [ 771 77\ — rn -|- 1 , . . . , 77^ and let ^[^^i;^!] — ®'m<i,j<nAij . 

Clearly .4.[m:„] is a [m : n]-algebra. There are obvious restriction functors Gr(.4) — >■ 
GT{A[m:n]) and Gr(^[„.„]) -> Gr(.4[„/:„/]) when m' >m,n' < n. 

We define a [m : n]-truncated A point module P as an ^[„.„] -module generated 
in degree m such that for n > i > m we have that Pi is locally free of rank one. 

It is natural to declare two (truncated, extended, shifted) point modules P, Q to 
be equivalent if is there exists a line bundle £ on S* such that Q„ = a*^C ®Oxr^ 

The main feature of (extended) point modules is that they define certain sheaf- 
Z-algebras which may be used to study A. Let P be an extended point module 
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over A. Thus for every i we have that Pi is locally free of rank one over 5* and 
hence Pi = Q*{Qi) where d is a section of ai and Qi e Pic(5'). 

We define = 0s Qj- Thus B{P) = ©y%(P) is a strongly graded 

sheaf-Z-algebra on 5*. Let ft = iS)i^z be the trivial constant system of S'-schemes 
and let ( : n ^ E be defined by (Ci)i- Then the right .A-module structure of P yields 
us through lemma 4.4.1 a surjective map Am.n ~^ C*^m.n{P) and a straightforward 
verification shows that this map is compatible with multiplication. Hence we obtain 
a surjective map of sheaf- Z-algebras A — )■ (^*B{P). 

In the sequel we will need families of the concepts that were introduced above. 
If ^ : W — >^ 5 is an S'-scheme then we can consider the base extended algebra 
Aw which is just ®m,n{S,d)*{Am,n) whcrc we have denoted the base extension 
of ^ to a map Xn^w Xn also by 9. We define a family of point modules over 
A parametrized by to be a point module on Aw Families of extended and 
truncated point modules are defined in a similar way. 

Assume that P is a family of extended point modules parametrized by W. Then 
B{P) is a W-central sheaf-Z-algebra on W. As above we have Pj = C,i»{Qi) where 
Qi e Pic(Ty) and Q is a section of Xj — )• Xi^w We may write Q as {fn, idw) with 
/i, a map W — ^ Xj. 

Lemma 4.4.3. The image of {^i,iij) lies inside the support ofAij. 
Proof. By the definition of a point module we have a surjective map 

Pi <^Ox, ■^w,ij -> Pj 
which according to lemma 4.4.1 corresponds to a surjective map 

{e,enAij)^pr'mwPj 

Thus the image of {(iXj) lies inside {9,9)^^{SuppAij). It follows that the image 
of {iJi,iJ,j) = {9 o (i,0 o (j) lies inside Supp Aij . This proves what we want. □ 

Corollary 4.4.4. Assume that 9 : W ^ S is proper and that all Aij are coherent. 
Then the Hi are proper. Let = {W)i^z be the constant system associated to W 
and let fM -.Q ^ E be given by Then /j, satisfies (C) and the map Aw — ^{P) 

gives by adjointness rise to a map A — )• ^^B{P). 

Proof. The map /Xi is the composition W Xi^w — Xi. The first map is a section 

and so it is a closed immersion. In particular it is proper. The second map is also 
proper since it is the base extension of a proper map. Thus Hi is also proper. 

Now we can verify (C). Since [ni.iXj) is proper it is sufficient to verify that the 
image of (/ii, fij) is finite on the left and right. This is clear since by the previous 
lemma this image is contained in the support of Aij and Aij was coherent by 
hypotheses. □ 

Equivalences among families of point modules are defined in the same way as 
for ordinary point modules (sec above). For use in the sequel we introduce the 
following (somewhat adhoc) notations. 

PointsTO,n(W^) equivalence classes of [m : n]-truncated point modules parametrized by W 
PointsTO(W') equivalence classes of m-shifted point modules parametrized by W 
Points(T4^) equivalence classes of extended point modules parametrized by W 
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5. NON-COMMUTATIVE SYMMETRIC ALGEBRAS 

5.1. Generalities. Wc will consider the following particular case of a sheaf-Z- 
algebra. Let a : X ^ S , /3 : Y —i' S he smooth equidimensional maps of the same 
relative dimension and let £ € shbimods(-^ — Y) be locally free. 
Define 



(5.1) Xn 

In a similar way we define 

(5.2) an 



X if n is even 
Y if n is odd 



a if n is even 
P if n is odd 



We then define S(f ) as the sheaf-Z-sheaf-algebra generated by the £*" subject to 
the relations i{Ox„)- We say that S{£) is a non-commutative symmetric algebra 
in standard form. 

In the sequel it will sometimes be convenient to define more general symmet- 
ric algebras. Wc will do so now and then wc will show that these more general 
symmetric algebras are equivalent to those in standard form. 

Let a„ : X„ — > 5 be arbitrary smooth equidimensional maps of the same relative 
dimension. Assume that {£n)n, {Qn)n arc respectively a series of locally free objects 
in shbimod(X„ — Xn+i) and invertible objects in shbimod(X„ — X„+2) which are 
non-degenerate subobjects of f„ ^Ox„^^ £n+i- We then define A to be the (X„)„- 
sheaf-Z-algebra generated by the subject to the relations Q„. Thus Ann = Oxr^^ 

An,n+i = £n and An,n+i = £n ® £n+i/Qn, etc We will Call an algebra of the 

form A a non-commutative symmetric algebra. We expect a non-commutative 
symmetric algebra to have good homological properties but this has only been 
proved in the rank two case (see below). 

Now let X = Xq, a = ao, Y = Xi, /? = ai and define X!^, a'n in the same way 
as Xn,an in (5.1)(5.2). 

Using (4.5) we find: 

£i = £q ®Ox 2o 

^2 = Qo ^ ®Ox £o* Ql 

£3 = Qi' £"* ®Ox 2o ® 22 

Continuing we find that for n G Z there exist invertible G shbimod(X^ — X„) 
such that 

(5.3) £n = Q'n^ £^0*" ®0,,^^^ Q'n+1 

and 



The inclusion 



Qn = Q'n Q'n+^ 
Qn ^ £n <H)Ox„+i ^"+1 



becomes an inclusion 

Qn^ ®0,, Q'n+2 ^ Q'n' ®0^, £T ®0^, -^0^"^'' ®0^, Q'n+2 
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and it is easy to see that this inclusion is derived from the canonical inclusion 



Thus wc have shown that every non-commutative symmetric algebra is obtained 
from one in standard form by twisting (see §4.2). 

We will say that .4. is a non-commutative symmetric algebra of rank r if So has 
rank r on both sides. From lemma 4.1.8 together with (5.3) we then obtain that 
all £n have rank r on both sides. 

5.2. Relation with the definition from [29, 23, 22]. Let X be a scheme and 
let £ C shbimods(X — X) be locally free. Let Q G £ ^Ox ^ be a non-degenerate 
invertible subobject and let H = Tx{£)/{Q)- The following lemma makes the 
connection between and S(f ). 

Lemma 5.2.1. We have Gv{H) ^ Gr(§(£:)). 

Proof. If ^ is a sheaf-Z-graded algebra on X then we define the Z-graded sheaf 

algebra A by 



It is clear that we have Gv{A) = Gr(^). Furthermore it is also clear that .4 is a 
non-commutative symmetric algebra with £i = £ and Qi = Q for all i. Since such 
a non-commutative symmetric algebra is obtained by twisting from S{£) we are 



5.3. Point modules over non-commutative symmetric algebras or rank 
two. We let the notations be as in the previous sections but we assume in addition 
that A has rank two. We start with the following result. 

Proposition 5.3.1. Assume that P[m:m+i] is a[m : m+1] -truncated point module 

over A. Then there exist unique (up to isomorphism) [m — 1 : to -f- 1] and [to : 
m + 2]-truncated point modules P[m-i:m+i] O'l^^'i P[m:m+2] whose restriction is equal 

to Plm:m+1] ■ 

Proof. Both claims are similar so we only consider the second one. Since we may 
shift A wc may without loss of generality assume that m — 0. In that case P is 
described by a triple (Pq, Pi, 0) where Pq G coh(Xo), Pi G coh(Xi) are locally free 
of rank one over S and </> : Pq (8>Ox — >■ Pi is a surjective map. We have to extend 
this triple to a quintuple (Pq, Pi, Pj, </>, V") where P2 € coh(X2) is also locally free 
of rank one over S and ip : Pi ^Ox^ ^1 ~^ P2 is another surjective map. The entries 
in such a quintuple are not arbitrary since the relation Qo has to be satisfied. To 
clarify this restriction wc note that point modules and truncated point modules 
are preserved under twisting (see §4.2). Hence we may without loss of generality 
assume that A is in standard form, i.e. A = S{£) for some sheaf-bimodule £ which 
is locally free of rank two on both sides. 

In order for (Po, Pi, P2, "0) to define an object in Gr(^[o:2]) module we need 

that the composition Pq — ^ Pq ^Oxq ^ ®Oxi ^* '^^^ > Pi ^Ox^ ^* -^2 is equal to 
zero since this composition represents the action of Qq. Prom lemma 5.3.2 below 
it follows that this composition may be described in the following alternative way: 



(5.4) 




done. 



□ 



(5.5) 
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where (p* is obtained from by adjointness. Thus the pair {ip,P2) is a quotient of 
coker (j)* . If we now show that coker (j)* is itself locally free of rank one then we are 
done. This last fact follows from lemma 5.3.4 below. □ 

Lemma 5.3.2. Assume that {L, R) is a pair of adjoint functors and assume that 
we have objects A,B, together with a map 4> '■ LA — >■ B, Then the composition 

A RLA ^ RE is equal to ^* : A ^ RB. 

Proof. This is standard. □ 

Lemma 5.3.3. Let a : X ^ S, ^ lY ^ S be smooth equidimensional maps of the 

same relative dimension. Let £ G shbimod5(X — Y) be locally free on both .sides 
and let J-" be a coherent Ox -module which is locally free over S. Then ®Ox ^ 
also locally free over S. 

Proof. This is an exercise in chasing through the various definitions. □ 

Lemma 5.3.4. Let a : X ^ S, f3 : Y ^ S be as in the previous lemma. Let 
£ S shbimod5(X — Y) be locally free of rank two on both sides. Assume that we 
have objects Pq G coh(X), Pi G coh(y) which are locally free of rank one over 
S, together with a surjective map (p '■ Po ^Oy £ ^ Pi- Then the adjoint map 
(/)* : Po -> Pi ®Ox ^* infective and has a cokernel which is locally free of rank 
one over S. 

Proof. Using lemma 4.1.4 it sufBces to prove this in the case that S = Spec k. But 
then it is sufficient to show that (j)* is not zero. Since (j) is not zero this is clear. □ 

Using the bijections exhibited in Proposition 5.3.1 together with the fact that 
the relations in A have degree two wc now easily obtain: 

Theorem 5.3.5. The sets of extended point modules, m-shifted point modules and 
[m : n] -truncated point modules for n > m + 1 over A are all in bijection. These 
bijections are given by the restriction functors and their inverses. 

Corollary 5.3.6. The functors Points^, Points^,^ and Points™, (for n >m + 

1 ) are all naturally equivalent. 

It follows from the proof of Proposition (5.3.1) (see (5.5)) that if P is an extended 
point over A then there are exact sequences on 

(5.6) ^ P,- ®Ox, Qj ^ Pj+i ^ Pj+2 ^ 

In fact this was only shown if A is in standard form, but the general case follows 
by twisting. Now write Pj in the usual form Q^, {Qj) where Q is a section of aj and 
Qj G Pic(5). Then applying 0:^+2* to (5.6) wc obtain an exact sequence on S 

-> Qj (g)Os Cj pri*(Qj ) Qj+i (Sos Cj+i Pri*(^j+i) Qj+2 

Put B = B{P). Tensoring the previous exact sequence on the left with Qr^ yields 
an exact sequence 

(5.7) ^ Bij (E)Os Cj pri*(Si) ^ Bij+i (g)Os Cj+i WiA^j+i) ^ B^j+2 ^ 

By dualizing (5.6), tensoring on the left with Qj, applying a suitable variant of 
(4.5), applying a^*, tensoring with Qk and finally changing indices we obtain the 
following analogous exact sequence 

(5.8) Cr+2 Pr2* (Qi) <^Os ^i+2j C+i Pr2* i^i) ^Os ^i+ij ^ij 
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5.4. Projective bundles associated to quasi-coherent sheaves. If Z is a 

scheme and is a quasi-coherent sheaf on Z then we define ¥z(l^) = PioiSzl^ 
where Szl^ = ®nS'zU denotes the symmetric algebra of W. On E = ¥z{U) there is 
a canonical line bundle denoted by C(l) or C_e(1) which corresponds to SzU{^)- 

If W is an arbitrary scheme and X is a PF-point of Pz(Z^) then x defines a pair 
(x', C) where x' is the composition W ^ Fz{<U) —5- Z and C G Pic(VF) is given by 
X*(C(1))- Clearly £ is a quotient of x'*(^)- It is standard that conversely every 
pair (x')'C) where x' is a map W ^ Z and jC G Pic(W^) is a quotient of x'*(^) 
corresponds to a unique x '■ W ^ Vz{U)- 

We will use the following result in the following sections. 

Lemma 5.4.1. Let x € Z and let m,x C Oz,x be the maximal ideal. Then the 
scheme-theoretic closed fiber of x in Pz(W) is equal to f'k{x)i^x/mxUx)- In partic- 
ular it is equal to some P^(3.) • 

Here is a somewhat more specialized result. 

Proposition 5.4.2. Assume that (3 : Z ^ X is a map of schemes and assume that 

£ € coh(Z) is coherent over X. Then the obvious map o : ¥z{£) — > ¥x{P*S) is a 
closed immersion. If X is a smooth connected curve over k and £ is locally free of 
rank two over X then o is either surjective or else its image is a divisor. 

Proof. All claims are local on X so we may and we will assume that X = Spec R 
is afhne. In addition we may replace Z by the scheme-theoretic support of £, 
i.e. we may assume that (3 is finite. It follows that Z is also affine, say Z = 
SpecT. Therefore £ is obtained from a finitely generated T module E and Pz(£) = 
Pio) St{E), Px{£) = P^o] Sii{E). The map o is obtained from the obvious map 
Sr{E) ^ St{E). 

To prove that o is a closed immersion we simply remark that St{E) — )• Sr{E) 
is surjective in degree > 1. 

Now we make the additional hypotheses on our data, i.e. X is a smooth con- 
nected curve over k and £ is locally free of rank two over X. To prove our claim 
we may now make the additional simplifying assumption that X = SpecR where 
i? is a discrete valuation ring. 

The fact that E is Cohen-Macaulay implies that T has no embedded components. 
So T is free of rank one or two over R and R embeds in T. 

If T is free of rank one then T = R and hence o is an isomorphism. So assume 
that T has rank two. Thus T = R[z] where z satisfies a monic quadratic equation 
over R. 

We now have to show that the kernel K of S]i{E) St{E) is generated by one 
element. Let E = Rx-\-Ry. Then K is generated by {z-x)x — x{z-x), {z-y)x — y{z-x) 
and {z ■ y)y — y{z ■ y). Write z-x = ax-\-by, z-y = cx-\-dy with a, b,c,d G R. Then 

{z ■ x)x — x{z ■ x) = byx — bxy = 

{z • y)x — y{z ■ x) = cxx + dyx — ayx — byy = ex? + (rf — a)xy — by^ 
{z ■ y)y - y{z ■ V) = dxy -dyx = 
Thus K is indeed generated by a single quadratic element. □ 

Remark 5.4.3. The preceding result is false if X is not a curve. 
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Consider the following example : X=:Y — A^,AcXxYis the diagonal and 
r is the graph of {x,y) i-)- {—x, —y). Let £ = Oa ® Or- Counting dimensions of 
fibers we see that Txxy{£) has dimension 2. 

Clearly fxxY{£) contains two closed subsets respectively given by Pxxy(Ca) = 
A and PxxF(Or) = T which must be irreducible components since they also have 
dimension 2. Furthermore outside the point (0,0) G X x F the map AJJF — )• 
IPxxr(^) is an isomorphism. However the fiber F of (o, o) in ^x^y{£) is whereas 
A ]J r gives us at most two points. 

Thus F must be contained in an additional irreducible component. If this ir- 
reducible component is not F itself then it must contain some points of fxy^vi^) 
not above (0,0). But then F must be equal to A or F which is a contradiction. 
It follows that Pxxf(^^) is not equidimensional and in particular it cannot be a 
divisor in Wx{Wi 

The problem with this example is that the support A U F of 5 is not Cohen- 

Macaulay. 

5.5. Representability of the point functor. The following result has been 
proved by Adam Nyman [19]. We reproduce the proof since we need the exact 
nature of the isomorphisms involved. 

Theorem 5.5.1. The functor Vomisji, is representable by WxxsYi^o)- 

Proof. In view of the above discussion it is clearly sufficient to prove this for 
Pointso.i.^. We will start by giving an alternative description of Pointso,i,_4(5'). 
Without loss of generality we may assume that A = S{£). 

An object in Pointso,i,x(S') has a unique representative of the form {Po,Pi,(j)) 
where ao,*('Po) = and : Pq (s^Ox £ ^ Pi is an epimorphism. There exist 
sections C07C1 of o;, ^ and an element Qi of Pic(5) such that Pq = Co,*{Os) and 
Pi = Ci,*(<9i)- 

According to lemma 4.6 4> corresponds to an epimorphism tp' : £ ^ Pq KI5 
Pi and furthermore Pq KI5 Pi = (Co, Ci)*(Qo)- Since (Co,Ci)*(Qo) contains all 
information to reconstruct Co, Ci and Qo we conclude that Points^^o, ills') is in one- 
one correspondence with the set of quotients of 5 on X x 5 F which are of rank one 
over S. 

If we apply this the discussion before the statement of the theorem with Z = 
X XsY,U = £,W = S then we find 

Points^,o,i(5) = Homsch(.5,Pjf xsy(^)) 
Since this bijection is obviously compatible with base extension we find that the 
functor Points^,o,i is represented by Fxxsy{£)- This finishes the proof. □ 

6. Properties of the universal point algebra 

From now on we assume that our base scheme 5* is Spec k and therc^fore we 
will omit S from the notations. Otherwise the notations will be as in the previous 
section. 

6.1. A vanishing result. 

Theorem 6.1.1. Let s : E ^ E be a projective map of relative dimension one. 

Let C G coh(i?) and assume that for every y £ E the restriction of C to the fiber of 
y is generated by global sections and has vanishing cohomology. Then WSi,{C) = 
for i > and the canonical map s*St,C ^ C is a surjective. 
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Proof. This is not an immediate consequence of semi-continuity since wc are not 
assuming that C is flat over E. 

We use the theorem on formal functions. For y G E\et En = Exg Spec Ogy/rriy 
where niy is the maximal ideal corresponding to y. In addition let £„ be the 
restriction of C to En- Then one has [10, Thm III. 11.1] 

(ii*s*£) y = proj limH'iEn, Cn) 

n 

Thus in order to show that R^St:{£) = for i > it is sufficient to show that 

(m„) H'iEr,,Cn) = 

for all y and all n. 

Similarly it is easy to see that for s*s*£ —>■ £ to be surjective it is sufficient that 

the condition 

{H2n) r{En,Cn) ®fe Oe^ Cn is surjective 

holds for all y and all n. 

Our proof will be by induction on n. It follows from the hypotheses that (Hli) 
and {H2i) are satisfied. 

Assume now that (-ffl„) and (-ff2„) are satisfied. We have an exact sequence 

Thus J-" = ker(£„+i — £„) is the quotient of a sheaf with vanishing cohomology, 
and since we are in dimension one it follows that J" itself has vanishing cohomology. 
Thus it follows that 

^ H\Ei,T) ^ H\En+l,Cn+l) ^ H°{En,jCn) ^ 

is exact, and furthermore the induction hypotheses imply that H''{En+i,jCn+i) = 
for i > 0. So this proves (if2„+i). 

In order to prove (i?l„+i) we use the following commutative diagram with exact 
rows: 

> T >• £„+! )• £„ 

> H%Ei,J^)^kOE > H%X,Cn+l)^kOE > H%X,Cn)^kOE 

Since the outermost vertical maps are surjective the same holds for the middle one. 
This proves (i?l„+i). □ 

6.2. The case of non-commutative symmetric algebras. In this section the 
notations are as usual. In particular ^ is a non-commutative symmetric algebra of 
rank two over S = (Xj)igz- 

Put E^ = fxjxXj+i{£j)- Since E^ represents Points^, there is a universal 
extended point over Aej ■ We now let = B{P^), be the associated sheaf- 
Z-algebras and we aim to study these in more detail. As above let Cf : ^i,Ei 
be the support of P-. We may write (f as a pair (jiI/kIej) where fij is a map 
from E^ to Xi. Again as above we write P/ = Cj *iQi) for e Pic(_E^). We 
will also write al : Xi^Ei ~^ for the map obtained by base extension from 
ai : Xi ^ Spec fc. 



NON-COMMUTATIVE P^-BUNDLES OVER COMMUTATIVE SCHEMES 



19 



Our first observation is that since the all represent the same functor there 
must exist isomorphisms 6^ : E^~^^ and objects IJ G Pic(£''' ) such that 

This may be rewritten as /x^'''^ = nlO^ and Ql'^^ = L^~^^ ^Oj^j+i 0-'*QI from which 
we deduce 

In the sequel we will define 6^^ : E^ — > as the composition 6^6^~^^ ■ ■ ■ 6^~^ if j > I 
and by a similar formula if j < /. Thus we find 



,j _ 



and 



From the proof that E"^ represents Points^ it follows that B™ „^^i = ©^^(l) and 
(Mm'Mm+i) is the projection map E"" = Px„xx„+i(fm) -)> X„ x Xm+i- This 
allows us to describe BJ^^ in terms of the ^^^^(l) and the isomorphisms 6^'^. 

Let E^ Ej Xi be the Stein factorization of /x^ . To understand these fac- 
torizations let us first consider /ij and which together represent the canonical 

map E^ — > Xj X Xj+i. As an intermediate step consider the Stein factorization 
E^ -J> Xj X Xj+i of this last map. By construction [10, Cor. III. 11. 5] & is 

finite over the scheme theoretic image of E^ in Xj x X,_|_i. Since is finite over 
both Xj and Xj+i wc obtain from the construction of E^ [10, Cor. III. 11. 5] that 
E^ — > Xj and E'-' — > G^ ^j+i ^ro the Stein factorizations of respectively 



E^ Xj and is>jj^^ : E^ ^ X_ 



In particular we obtain E; 



•0 _ 



and 



Sj- = ^j+i- Now using the fact that Stein factorizations are (obviously) compatible 

with isomorphisms we obtain from this by applying suitable 
and s\ 



E^ = EP, 
diagrams: 



that EP = Sj+i 

^ for all p. Thus Ej and are independent of j and we may write 
Thus the result of this discussion is that we have commutative 



> E<i 



(6.1) 



EP 



-j> E'i 



Xi 



Xi 



Now we investigate the scheme-theoretic closed fibers of . 
By lemma 5.4.1 the scheme-theoretic fibers of E^ — > Z^ are either points or 
's and hence in particular they are connected. The fibers of E^ — >■ E^ are also 
connected by the properties of the Stein factorization. Hence it follows that the 
map E^ Z^ is settheoretically a bijection. In particular and E^ Z^ have 
the same closed fibers. We conclude that the fibers if are either points or P^'s. 
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Now let be the constant system of schemes (i?")igz and let /x" ~ From 
Corollary 4.4.4 it follows that /i° satisfies condition (C). We can now prove the fol- 
lowing technical result which will be used below in the proof that a non-commutative 
symmetric algebra is noetherian (see §7.3 below). 

Theorem 6.2.1. S2.q is ample for 

Proof. Since is strongly graded and Bqq = Oeo it is clear that S° and hence 
S>Q is noetherian. So we need only verify the conditions 2. and 3. from Theorem 
4.3.3. Let M G coh{E'^). 

We compute 

M ®o^o = M (^o^o Kr+l ®OeO ^°+1,»+2 ®0«o ' ' ' ^O^o 

Since 

and is finite, it is sufficient to prove the analogues of 2. and 3. in Theorem 
4.3.3 for i?'s°(At ® 0,^.0 ^%)- According to Theorem 6.1.1 we have to show that 
M. ®Oj^o ^ij when restricted to the fibers of s° becomes eventually generated by 
global sections. This follows from the fact that according to (6.1) the P^-fibers are 
preserved under the 9's and the fact that ©^'"(l) when restricted to a P^-fiber of 
s'" is equal to Opi(l). □ 

7. On the structure of non-commutative symmetric algebras of rank 

TWO 

In this section the notations are the same as in the previous ones. 

7.1. Ranks and exact sequences. Let e; e r(X„,^„„) = r{Xn,Ox„) be the 
section corresponding to 1. The structure of the relations in A implies that there 
is an exact sequence of Ojc^ — A sheaf-bimodules given by 

(7.1) Qm ®Ox„+2 ^rn+2A £rn "^Ox^^^ dm+lA. e^A 

We will show below that this exact sequence is exact on the left. 

The following proposition is proved in the same way as Proposition 5.3.1 and 
Theorem 5.3.5. 

Proposition 7.1.1. Assume that Q[o:n\ is an object in Gr(^[o:n]) with the following 

properties 

(1) {Q[^■.n\)^^^ for alii &{Q,...,n}. 

(2) Q[o-n\ is generated in degree zero. 

(3) (Q[0:n])o and (Q[o:„])i have finite length and dim(Q[o.„])o = dim(Q[o.„])i = 
1. 

Then Q[o:n] «s a [0 : n]-truncated point module. Similarly if Q is an object in Gr(^) 
satisfying suitable analogues of (1-3) then Q is a point module. 

From the fact that a point module is uniquely determined by its restriction to 
^[0:1] one obtains that if k is algebraically closed then for every x & X there is at 
least one point module P such that Pq = Ox- 
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Now we will consider line-modules. For x a rational point in Xm we define 
Lm,x = Ox ®Ox„ RniA. FoT simplicity we write Lx for io,x- 
If P is a point module then we have 

Hom^(L^, P) = Homo^ (O^, P) = 

Thus it follows that if k is algebraically closed then every maps onto at least 
one point-module. In the same way one sees that L„i.x maps to an m-shiftcd point 
module. 

Let Lj; — > P be a surjcctivc map to a point module and let K he its kernel. 
Since length(La;)i — 2 and length Pi = 1 we deduce that Ki = Oy for some y ^ X. 
Thus there is a non-zero map Li^y Ki. Since coker(ii j, — > L^) has the same 
truncation to ^[0:i] as P it follows from Proposition 7.1.1 that we have an exact 
sequence 

(7.2) Li^y ^ ^ P ^ 

We will call this a standard exact sequence. A similar standard exact sequence 
exists for Lm,x' 

(7.3) -^m-l-l,!/ — >■ Lm,x — >■ P — >■ 

where P is now an m-shifted point module. 
We can now prove the following result. 

Theorem 7.1.2. We have 

(1) Arn,n is locally free of rank n — m + 1 on both sides. 

(2) The exact sequences (7.1) and (7.3) are exact on the left. 

Proof. Without loss of generality we may assume that k is algebraically closed. As 
far as (1) is concerned we will only consider the left structure of A. The statement 
about the right structure follows by symmetry. 

Assume that we have shown that Am,n is locally free on the left of rank n — m + 1 
foT n — m < t. We tensor (7.1) on the left with Ox- Since length(Oa; (gjo^^ Qm) ~ 1 
and length(C'2; ®Ox™ ^m) = 2 wc obtain that Ox ®Ox™ Qm = Ox' and Ox ^Ox^ 
is an extension of Ox" and Ox'" for some x',x",x"' £ X. 

This yields 

length(L„,2,)„+t+i > 

\engthiLm+l,x")rn+t+l+lCT^gtHLm+i^x"')m+t+l - length(L™+2,a:' )m-|-t-|-l = t + 2 

On the other hand we have from (7.3) 

length{Lm,x)m+t+i < 1 + length(L„+i,j^)„+(+i 
= t + 2 

Combining these two inequalities yields length(Lm,a;)m-i-t-i-i = f -|- 2 for all m,x. 
Since (Lm,x)m+t+i = Ox ®Ox Am,m+t+i this yields that Am,m+t+i is locally free 
of rank t + 2 on the left. 

By induction we obtain the corresponding statement for all m, n. Prom this we 
easily obtain that (7.1) and (7.3) are exact on the left. □ 



k ifPo = Ox 

otherwise 
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7.2. Two different types. . . We need the following notation. Let X = Xi IJX2 
and F = Fi IJ I2 be disjoint unions of schemes and let pi : Xi ^ X , qi : Yi ^ Y he 
the inclusion maps. Assume M.i € ShBimod(Xj — Fj). Then we define Ali ffl A^2 as 
(pij © (P2, 'Z2)*(A^2)- We use a similar construction for sheaf-Z-algebras. 
We leave the obvious definitions to the reader. 

We will now analyze the T € shbimod(X — Y) which are locally free of rank two 
on both sides. As usual we assume that X, Y are smooth of the same dimension 
and equidimensional. 

Let Z be the scheme theoretic support of F. Since T is Cohen-Macaulay, all 
components of J" have the same dimension and there are no embedded components. 

Assume that Z has an irreducible component Zi on which the restriction of F 
has rank two (generically). Zi lies over connected components Xi and Yi of X 
and Y. Let X2 and Y2 be the union of the other connected components of X and 
Y . Counting ranks we see that there can be no other irreducible components of Z 
lying above Xi and Yi and hence T = T2 where e shbimod(Xi — Y{) and 
J^2 e shbimod(X2 - Y2). 

Let us return to J"i . Since Zi is integral and has degree one over Xi and Yi and 
since X\ and Y\ are furthermore integrally closed we obtain that Z is the graph of 
an isomorphism cr : X — > F and is a vector bundle of rank two on Zi . 

It is clear that S(J-') = §(J-"i) ffl S(J^2)- A similar decomposition then holds 
for every non-commutative symmetric algebra by twisting. Furthermore we leave 
it to the reader to check that Gr(§(J'i)) is equivalent to Gv{Sz{J^)) and hence 
corresponds to a commutative P^-bundle. 

To formalize this let us make the following definition. 

Definition 7.2.1. Let ^ be a non-commutative symmetric algebra of rank two 
and let £ = Aqi- We say that A is of Type I if £^ is a rank two bundle over the 
graph of an automorphism and we say that A is of Type II if the restrictions of £ 
to the irreducible components of its support all have rank one generically. 

Thus we have obtained the following result. 

Proposition 7.2.2. Let A be a non- commutative symmetric algebra of rank two. 
Then A = A\ ffl^2 where Ai is of Type I and A2 is of type II. Gr(^i) is equivalent 
to the category of graded modules over the symmetric algebra of a rank two vector 
bundle over a smooth scheme. 

7.3. Non-commutative symmetric algebras of rank two are noetherian. 

Since to prove A is noetherian we may treat the cases of Type I and Type II 
individually, and since the Type I case is easy we assume throughout that A is of 
Type II. 

From Theorems 6.2.1 and 4.3.3 we obtain that /i*Z?°>o is noetherian. Further- 
more by construction there is a map A^ /u2S°>o. We would like to use this map 
in order to analyze A. However the analysis is complicated by the fact that 
may have components of different dimensions if dimX„ > 1 (see Remark 5.4.3). 

Therefore we will use the following trick. We will let be the union of all 
components in which are of maximal dimension and we let P : E^ be the 

inclusion map. It is clear that with 9^'' restricts to a map F^ — >■ F' which we will 
also denote by 9^'' . 

Let Cmn = t*{B°mn)- Then C = ®m<nCmn is a Z-algebra on F°. 



NON-COMMUTATIVE P^-BUNDLES OVER COMMUTATIVE SCHEMES 23 

Put = fijt^ and A = (A°)i. From the fact that B>o is ample for fi (Theorem 
6.2.1) we easily obtain that C is ample for A. We will now analyze the map A A*C. 

Step 1. The map An — > (A*C)ii is monic. If denote its cokernel by Su then Su is 
locally free of rank one on both sides. 
To see this we will show that 

(7.4) pri*(Ai)^pri ^,(A«(C)ij) 

is monic and its cokernel is locally free of rank one. The corresponding statement 
for the right structure is similar. 

We have Ox, = WiMa) and Wi.iCu) = WiA^l >^'^)*{Ofo) = XtiOpo) = 
><°J'*{Of^) = K*{Of^)- So we need to show that Ox, ^ KAOf^) is monic and 
that its cokernel is locally free of rank one. 

Put B ~ Pjsf. (pr]^^(£'i)) and let OB{n) = Op^ (pj.^ (£_))(n). Denote the projection 
map B ^ Xi by p. By Proposition 5.4.2 the map E' — > S is a closed immersion. 
So the composition ^ i?* — > B is a closed immersion as well. We denote this 
composition by v. Now since A is of Type II it easy to see that dimF* = dimX^. 
Hence is a divisor in B. Gcnerically £q will be invertible over its support and 
hence gencrically F will have degree two over Xi. Since according to [10, II. Ex. 
7.9] one has Pic(i?) = Pic(Xj) x where x is the number of connected components 
of X and the factor corresponds to the degrees over the generic fibers it follows 
that Ob{-F') = C ®Ox, Ob{-2) where £ G Pic(Xi). 

We now apply Rp^ to the exact sequence 

(7.5) 0^Ob{-F')^Ob-^v^Of^ ^0 

Using the known properties of the map p : B Xi [10, Ex. III. 8. 4] we extract from 
the long exact sequence for iJp* a short exact sequence 

(7.6) ^ Ox, ^ K*{Of') ^ A2(pri, £i)* Oo^, ^ 

This proves what we want. 

We obtain in addition that R^\l^{OFi) = for h > 0. Using a similar argument 

as above, this yields the next step. 

Step 2. R'HXt>'^+l)*iC^i) = for > 0. 

Step 3. The map (A*C)i,j+i is an isomorphism. 

We prove this in a similar way as Step 1. It turns out that we need to prove that 
the canonical map pTi^{£i) — > A^^(0^i(l)) is an isomorphism. 

Tensoring (7.5) by 0^(1) and applying we obtain what we want and in 
addition we obtain i?''A'^(Op'i(l)) = for /i > 0. This then yields the next step. 

Step 4. i?''(AO, AO+i)»(C,,,+i) = for /i > 0. 

Step 5. Now we translate the exact sequence (5.7) to our current situation. It 
becomes. 

^ dj ®Opo Af pri,(Q,) ^ Cij+i ^o^o Xf+i P'^i*(^i+i) ^ ^ 
Using Step 2 and 4 one obtains by induction that the following sequence is exact 
^ {XlX'jUCij)(^o..Qj ^ (A°,A°+i)*(Ci,+i)®o,.^^£:,+i ^ (A°, A^°+2)*Ci,+2 ^ 
and furthermore that R^{X'^, A5)*(Cij) = for /i > 0. 
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Step 6. The map Aii+2 — > (A*C)ii+2 is epic. If we denote its kernel by Tu+2 then 
Tu+2 = Sii ®Ox- Qi- particular Tii+2 is locally free of rank one on both sides. 

To prove these statements we consider the following commutative diagram with 
exact rows. 

(7.7) 



(the second row is the dual version of (7.1)). Applying the snake lemma to (7.7) 
together with Step 1 yields what we want. 

Step 7. Assume j >i — 1. Then the complex 

-)■ Aij ®Oxj ■^ij+2 -> (A°, A°_,_2)*(^ij+2) 

is exact. 

We prove this by induction on j. The cases j = i — l,i were covered by the 
previous steps. Assume now j > i + 1. We consider the following commutative 
diagram with exact rows. 



I ' I ' I 
Aij ®Oxj ^3 *■ ^OxJ_^_l ^j+i *■ 

I I I 



By induction we may assume that the first two columns are exact. Hence so is the 
third column. 

Step 8. The canonical maps Aij iStOxj Aj+2 and Tii+2 'S>Xi+2 Ai+2,j+2 

Aij+2 are monic, and furthermore they define an isomorphism Aij ®Oxj — 

Tii+2 <^Xi+2 Ai+2,j+2- 

To see this note that by the previous step we already know that the first map is 
monic. A similar proof involving (5.8) shows that the second map is also monic. 

Since by definition Tii+2 goes to zero under the map A — > A*C we also have that 
Tii+2 ®Xi+2 Ai+2,j+2 goes to zero. Thus the image of Tii+2 A+2,j+2 in A,j+2 
lies in the image of Aij iS^Ox- By symmetry the opposite inclusion will also 

hold and hence we are done. 

Step 9. A is noetherian. 

By the previous steps we have an invertible ideal J C A>2 given by Jij = 
Aij-2 ®Oxi_2 7j-2j = Tii+2 ®Oxi •^i+'^j in such that {A/J)>i = V where 
V>i=C>i\ndV,^^Ox,. 

From the fact that C is noetherian and the fact that all are coherent we easily 
obtain that V is noetherian. We may now conclude by invoking lemma 4.2.2. 
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8. NON-COMMUTATIVE DEFORMATIONS OF HiRZEBRUCH SURFACES 

8.1. Strongly ample sequences. Let £ an noetherian abelian category. For us 
a sequence (0(n))„£z of objects in £ is strongly ample if the following conditions 
hold 

(Al) For aW M. & £ and for all n there is an epimorphism ®\^-^0{—ni) — >■ M. 
with rij > n. 

(A2) For a\\ M^£ and for alH > one has Ext^ (0(-n), = forn > 0. 
A strongly ample sequence (0(n))„ez in £ is ample in the sense of [24]. Hence 
using the methods of [1] or [24] one obtains £ = qgr(^) if £ is Hom-finite, where A 
is the noetherian Z-algcbra ©ij Hom£(0(— j), 0(— i)). 

It would be interesting to know if a noncommutative P^-bundle always has an 
ample sequence. The next lemma is very weak but it is sufficient for us below. 

Lemma 8.1.1. Let A he a non- commutative symmetric algebra over a (X„)„ (see 
%5) with all Xn being equal to a smooth projective schem,e X. Let Ox{^) be an 
ample line bundle on X. Assume that Ai^i+i is generated by global sections on the 
right for all i and that for each m we have that Ox{—m) (^Ox ■^mn (^Ox C'jc (n) has 
vanishing cohomology for n ^ 0. 

Then qgr(.A) has a strongly ample sequence given by 0(n) = iT{Ox{n) '^Ox 
e—nAi) . 

Proof. We have maps of gr(^)-objects induced by the multiplication in A 

Ai^i+i ®Ox Si+iA -)■ CiA 

which are surjective in degree > i + 1. Since Ai^i+i is generated by global sections 
on the right these may be turned into maps 

(8.1) (e.+i^)*- ^ e,A 

for certain ti which are still surjective in degree > i + 1. 

Let ^A = ttM with M e gr(.4) noetherian. Then there is some N such that 
M>7v is generated in degree one. Hence there is some N', which we will take > N, 
such that there is an epimorphism 

iOxi-N') ®Ox cnAY ^M>N 

which using the the maps given in (8.1) may be turned into epimorphisms 

{Ox{-N') (S>Ox ew'AY ^ M>jv' 

This implies condition (Al). We now compute 

RHomQGr(^)(0(-n),7rM) = RRomx {Ox{-n),Rw{nM)n) 

= RT{X,Ruj{TrM)n{n)) 

According to [20, Cor 3.3+proof] and [20, Lemma 3.4] the map M Rjj{-kM) is 
an isomorphism in high degree. Hence for n 3> 0: 

RHomQGrM)(0(-n),7rM) = RT{X,Mn{n)) 

Thus HomQGr(_4)(0(— n), — ) has finite cohomological dimension. To prove (A2) we 
may then assume that M. = 0{—m) = ■7r{Ox{—m) ®Ox ^m-A) for m large. Since 
in that case 

M„(n) = Oxi-m) ®Ox ^mn <^Ox Ox{n) 
we are done. □ 
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8.2. Deformations of abelian categories. For the convenience of the reader 
we will repeat the main statements from [28]. We first recall briefly some notions 
from [14]. Throughout R will be a commutative noetherian ring and mod(i?) is its 
category of finitely generated modules. 

Let C be an i?-linear abelian category. Then we have bifunctors — /Sir — : 
C X mod(i?) C, Homij(— ,— ) : mod(i?) x C — ?• C defined in the usual way. 
These functors may be derived in their mod(i?)-argument to yield bi-delta-functors 
Torf (-, -), Ext^(-, -). An object M G C is R-flat if M(g)/{ - is an exact functor, 
or equivalently if Torf (M, - ) = for i > 0. 

By definition (see [14, §3]) C is R-flat if Torf or equivalently Ext^ is effaceable in 
its C-argument for i > 0. This implies that Torf and Ext^ are universal 9-functors 
in both arguments. 

If / : i? — >■ S is a morphism of commutative noetherian rings such that S/R 
is finitely generated and C is an i?-linear abelian category then Cs denotes the 
(abelian) category of objects in C equipped with an S'-action. If / is surjcctive 
then Cs identifies with the full subcategory of C given by the objects annihilated by 
ker/. The inclusion functor Cs — > C has right and left adjoints given respectively 
by Homij(S', — ) and — S. 

Now assume that J is an ideal in R and let R be the J-adic completion of R. 
Recall that an abelian category V is said to be noetherian if it is essentially small 
and all objects are noetherian. Let V be an i?-linear noetherian category and let 
Pro(2?) be its category of pro-objects. We define V as the full subcategory of Pro(r') 
consisting of objects M such that M/MJ^^ e T) for all n and such that in addition 
the canonical map M — >■ proj lim„ M/MJ^ is an isomorphism. The category T> is 
i?-linear. The following is basically a reformulation of Jouanolou's results [11]. 

Proposition 8.2.1. (see [28, Prop. 2.2.5]j V is a noetherian abelian subcategory 
o/Pro(2?). 

There is an exact functor 
(8.2) ^ -.V -^V : M ^ proj lim MjUr 

n 

and we say that V is complete if $ is an equivalence of categories. In addition we 
say that V is formally flat if X'^./j^ is i?/J"-flat for all n. 

Definition 8.2.2. Assume that C is an i?/ J-linear noetherian flat abelian category. 
Then an ii-deformation of C is a formally flat complete J?-linear abelian category 
V together with an equivalence Vr/j = C. 

In general, to simplify the notations, we will pretend that the equivalence Vr/j = 
C is just the identify. 

Thus below we consider the case that V is complete and formally flat and C = 
Vr/j. The following definition turns out to be natural. 

Definition 8.2.3. (see [28, (1-1)]) Assume that £" is a formally noetherian R- 
linear abelian category. Let £t be the full subcategory of £ consisting of objects 
annihilated by a power of J. Let M,N e £. Then the completed Ext-groups 
between M,N are defined as 
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An i?-linear category £ is said to be Eixt- finite if Ext£(M, A^) is a finitely gen- 
erated i?-module for all i and all objects M, N G £. Assuming Ext-finiteness the 
completed Ext-groups become computable. 

Proposition 8.2.4. [28, Prop. 2.5.3] Assume that £ is a formally flat noetherian 
R-linear abelian category and that £ft/j is Hxt-finite. Then ' Ext|-(M, A^) G mod(JR) 
for M,N € £ and furthermore 

' Ext|.(M, N) = proj lim inj lim Ext^^ {M/Mf , N/NJ^) 

// M is in addition R-flat then 

' Exti-(M, N) = proj limExt^ ^ [M/MJ^, N/NJ^) 

The results below allow one to lift properties from C to V. They follow easily 
from the corresponding infinitesimal results ([15, Theorem A], [14, Prop. 6.13], 
[28]). 

Proposition 8.2.5. Let M e C be a flat object such thatExtc{M, M^r/jJ" / J"'+^) = 
for 1=1,2 and n> 1. Then there exists a unique R-flat object (up to non-unique 
isomorphism) M e I> such that M/MJ = M. 

Proposition 8.2.6. Let M,N eV be flat objects and put M/MJ = M, N/NJ = 
N. Assume that for all X in mod{R/J) we have Ext^(M, A' (8>ii/j X) = for a 
certain i> 0. Then we have ' Ext\)(M,N igiR X) = for all X e mod(i?). 

Proposition 8.2.7. Let M, A e P be flat objects and put H/MJ = M, W/NJ = 
N. Assume that for all X in mod(i?/J) we have Ext}.{M, N ®R/.J X) = 0. Then 
Homx)(M, A^) is R-flat and furthermore for all X in mod(i?) we have Homp(M, N^n 
X) = Homx>(M,]V) ®R X. 

Let us also mention Nakayama's lemma [28]. 

Lemma 8.2.8. Let M be such that MJ = 0. Then M = 0. 

The following result is a version of "Grothendieck's existence theorem" . 

Proposition 8.2.9. (see [28, Prop. 4.1]J. Assume that R is com.plete and let £ be 
an Ext-finite R-linear noetherian category with a strongly ample sequence (0(n))„. 
Then £ is complete and furthermore if £ is flat then we have for M,N G £: 

(8.3) Ext^(M, N) = ' Ext^(M, N) 

The following results shows that the property of being strongly ample lifts well. 

Theorem 8.2.10. (see [28, Thm. 4.2]^ Assume that R is complete and that C is 
Ext-finite and let 0(n)„ be a sequence of R-flat objects in V such that {0{n)/0{n)J)n 
strongly ample. Then 

(1) 0(n)n is strongly ample in T>; 

(2) V is flat (instead of just formally flat); 

(3) V is Ext-finite as R-linear category. 
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8.3. Deformations of Hirzebruch surfaces. Below {R,m) is a complete com- 
mutative local noetherian ring with residue field k — R/m. Everything will now 
either be over k or over R. It is not difficult to see that the results of the previous 
sections remain valid for non-commutative P^-bundles over a smooth i?-scheme X. 
We will use this without further comment. When we say that something is "com- 
patible with base change" we mean compatible with the passage from Rio k. We 
usually abbreviate — ®ii k by {—)k- We also use a superscript k to indicate that 
something is defined over k. 

We let Xk be the Hirzebruch surface P(£k) with £k = Ofi © Opi (h), h > and 
we let V be an i?- deformation of C = coh(Xfe) in the sense of §8.2. The rest of this 
section will be devoted to proving the following result. 

Theorem 8.3.1. There exists a sheaf-himodule £ over such that V is equivalent 
toqgr(§(f)). 

Let t : Xk —>■ P^ be the projection map. Then we have standard line bundles 
Ok{m,n) = t*Opi{m) ®Ox^. ^Xk/v^i^) ^fe- From the formula 

RT{Xk,OxM.n)) = i?r(pi,Ox,(m) ®o,, (n)) 

we deduce that in particular H^{Xk, Ox,, {m, n)) = for i > and m, n > 0. 

Since the Ok{m,n) are exceptional in C they lift to objects 0{m,n) in V using 
Proposition 8.2.5. Furthermore from the ampleness criterion in [10, Cor. V.2.18] 
together with Theorem 8.2.10(1) it follows that (0(n, n))„ is a strongly ample 
sequence in V. By item (3) of the same theorem we obtain that V is Ext-finite. 

We now define some i?-linear Z-algebras 

C„ = Hom(0(-i, -n), 0{-i, -n)) 

j>i 

as well as Cm — C„-bimodules for n > m: 

Amn = Hom(0(-j, -n), 0{-i, -m)) 

j>i 

From Proposition 8.2.7 it follows that C„ and Amn are ii-flat and compatible with 
base change. Hence 

(8-4) C„,fe = 0r(pi,Opi(j-i)) 

j>i 

(8.5) Amn,k = Hom(5"-™£:fc(i - i)) 

j>i 

We can now look for some properties of Cn,k that lift to C„ (see [27, §8.3] for a 
more elaborate example of how this is done). 
(PI) 

+ l iij>i 
1 otherwise 

(P2) Define Vn,i = Cn,i,i+i- Then C„ is generated by the (Vn,i)i- 

(P3) Put Kn,i = ker(V^^j (g) Vn,i+i — >■ Cn,i,i+2)- Then the relations between the 

Vn.i in Cn arc generated by the Kn.i- 
(P4) Rank counting reveals that rkJC^^j = 1. The i?-module K^^i is generated 

by a non-degenerate tensor r„,i in Vn,i <8>ij Vn,i+i- 



rk C„ . 
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Using these properties it is now easy to describe C„. After choosing suitable bases 
Xi,yi in Vn,i we may assume that n = yiXi+i — XiUi+i. Thus all C„ are in fact 
isomorphic to S (see (5.4)) where S is the graded algebra R[x,y\. In particular 
qgr(C„) = coh(P)j,) for all n. 

It also follows that after suitable reindexing Amn becomes in a natural way a 
bigraded S ®r S'-modiilc which wc denote by Wc think of as an S-S- 

bimodule with independent left and right grading. The required reindexing is given 

by 

A' —A 

Here x, y act as , on the left and as Xj, yj on the right. 
The following diagram is commutative 

gr(C„) ^ gr(C„) 



(-0sA^„)o,- 

gr(6') > gr(6') 

Here by (— )o,- we mean taking the part of degree zero for the left grading. 

Let Amn be the quasi-coherent Opi^ lEl Opi^-module associated to A'^^.^j. 

Lemma 8.3.2. Amn is locally free on the left and right of rank n — m + 1. In 
addition 

Amn,k = Sk 

where (5 : — > x is the diagonal embedding. 

Proof. We first observe that Amn is in fact coherent. To this end it is sufficient to 
show that the diagonal submodule 0^ A'^^.-^ is a finitely generated 0^ 5j <Sir Si- 
module. This may be verified after tensoring with k. 
Prom (8.5) one obtains 



(8.6) 



A'mn®Rk= r{Xk,Ok{j +i,n-m)) 

j+i>0 

= r(pi,5"-™f,(i + i)) 

j+i>0 

Thus 

(8.7) ^A'^n;u k = 0r(P^,5"— ffc(2i)) 

i i>0 

The righthand side of (8.7) is the graded-0- Si^k /Sj^fe-module associated to the 
coherent Opixpi -module S^:S"~™£k (for the ample line bundle given by Ofe(l, 1)). 
Hence this graded module is finitely generated. 

Prom the computation in the previous paragraph we also learn that Am,n k 
is indeed given by the sheaf S"~"^£k supported on the diagonal. 

We claim that the support of Amn is finite over both factors of P)j x P)j. Again 
it is clearly sufficient to check this over k but then it follows from the explicit form 
of Am.n ®Rk given above. 

As indicated above Amn is flat over R. Hence the same is true for Amn- Since 
Amn 'Sir k IS locally free over both factors it follows from Lemma 4.1.4 that Am,n 
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is locally free on the left and on the right. By tensoring with k we deduce that the 
left and right rank of Am,n are equal to n — m + 1. □ 

Lemma 8.3.3. The functor — ^mn sends gr(Cm) to gr(C„). 

Proof. It is sufficient to prove that for every i we have that CiAmn lies in gr(C„). 
Since etAmn is a finitely generated i?- module in every degree we may prove this 
after specialization. 
We compute 

eiAmn,k = 0r(Pj^,5"-™£:fc(i - i)) 

Thus eiAmn,k is up to finite length modules the graded 5-module associated to the 
coherent P^-module 5"~"*£fe(— i). Hence it is finitely generated. 

Lemma 8.3.4. There is a commutative diagram 



□ 



coh(pij) ■ 



•gr(C„) 



■coh(pij) 



Proof. We first have to construct a natural transformation 

gr(Cm) > gr(C„) 




coh(Py 



Taking into account the equivalences gr(Cm) = gr(S') this diagram may be rewritten 
as 



(8.9) 



gr(5) 



■gr(5) 



coh(P),) 




coh(pij) 



TMi^7r([wi7ri(M(gisA^„)]o,-) 

Here Wi is u applied to the left grading and similarly for tt. The natural transfor- 
mation is now obtained by functoriality from the canonical map 

We claim this natural transformation is an isomorphism. Both branches of the 

diagram (8.8) represent right exact functors so it is sufficient to consider the value 
on the projective generators <S'fe(i) of gr(S'fe). This verification may be done after 
specialization. 
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We find 

PI 

= r(pi,5"-™£,(g+p + i)) 
where have used (8.6). An easy verification shows that 

T^lU:i{Sk{i) ®Sk ^mn,k) = ^(Pi, S^"^ £k{q + V + *)) 

p,q 

from which we deduce that 

is finite dimensional for any I. This imphes that the natural transformation in (8.9) 
is in fact a natural isomorphism. □ 

The natural morphism Amn ®C„ ^nt — ^ ^mt induces via diagram (8.8) a natural 
transformation of functors 

- Igipi^ {Amn ®V\^ Ant) " ^pij Amt 

Using Lemma 4.1.1 one obtains from this a morphism of bimodules 

(8.10) Amn ®r\ Alt Amt 

Using a similar argument one shows that this morphism of bimodules satisfies the 
associativity axiom and hence produces a sheaf-Z-algebra on P)j given by 

A = Amn 

From the fact that Amm = Cm on easily obtains Amm = ^p\^- Explicitating the 
proof of Lemma 4.1.1 one obtains that over k (8.10) is given by the canonical maps 

tk (Spi O tk ^ O tk 

Therefore by a suitable version of Nakayama's lemma we deduce that (8.10) is an 

epimorphism and hence A is generated by An,n+i- 

Let Qn be the kernel of An.n+i An+i.n+2 An,n+2- We claim that this 
kernel is non-degenerate in An^n+i '^p]^ An+i,n+2- 

In Lemma 4.1.9 we have shown that dualizing of bimodules is compatible with 
base change. From this it easily follows that it is sufficient to check the non- 
degenerateness of Q„ over k where it is obvious. 

Now let A! be the Z-algebra generated by the £n,n+i subject to the relations 
given by the Q„. By construction there is a surjective map A' — ^ A. Since A' 
and A are locally free in each degree and have the same rank it follows that this 
surjective map must actually be an isomorphism. 

So summarizing we have shown the following: 

Lemma 8.3.5. A is a non- commutative symmetric algebra overF]^. 

By §5.1 it follows that gr(^) = gr(S(£')) with £ = Aoi and this equivalence 
preserves right bounded modules. Hence to finish the proof of Theorem 8.3.1 it is 
sufficient to show that qgr(^) = V. 
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Put 

C= Hom(0(-i,-n),OH,-m)) 

(j,m),(j,n) 
i<j 

m<n 

Then C is a Z^-algebra and we have an exact functor 

S : Gr(C) ^ Gr(^) 

def 

which is defined as follows. Let M G Gr(C). Then M„ = M__„ is a right C„- 
module. Furthermore the right action of C on M induces maps 

(8.11) Mm ®C,n Amn ^ M„ 

Put Mn = 7r(M„) e Qch(pi). Thanks to Lemma 8.3.4 the maps (8.11) become 
maps 

Mm Opij Ann -> Mn 

and one checks that SA^ 0^ M defines an object in Gr(^). Put <tM = ttEM e 
QGr(^) (where here tt is the quotient functor Gr(^) — > QGr(^)). 

We claim that S sends finitely generated objects in Gr(C) to objects in gr(^). 
It suffices to prove this for the projective generators 6,^(7. 

We have for n > m 

eimC-,n = 0Homi.(O(-j, -n), 0{-i, -m)) 

j>i 

Hence we have to prove that the righthand side is a finitely generated C„-module. 
Since the summands Homx)(0(— j, — n), 0(— i, — m)) are all finitely generated -R- 
modules we may do this after specialization. Wo got 

eimC-,n 0fl fc = 0r(pi, S"-"'Sk{j - i)) 

j>i 

which is indeed finitely generated. For reference below we note that from this 
computation we also get 

7r(e™C_,„ <S>R k) = S"-"'£k{-i) 
(where here tt is the quotient functor Gr(C„,fc) — QGr(C„,fc) — Qch(Pj.)) and thus 
S(ei™C®Kfc) = S^-^'Ski-i) 

n>m 

SO that finally we get 

(8.12) a{eimC<»Rk) = Ok{-i,-m) 
Since 

Homc(ej„C, 6,^(7) = eimCejn = C(^i^m){j,n) = Homx.(0(-j, -n), 0{-i, -m)) 

we deduce that there is a morphism of i?-modules (for j > i, n> m) 

Hom-p(0(— J, — n),0(— z, —to)) Homqgr(yt)((j(ej„ 

The left hand side is i?-flat and commutes with base change as indicated above. 
We claim that this true for the right hand side as well. 

Lemma 8.3.6. qgr(^) is a deformation of qgr(^)fe = qgr(^;;) = (\gv{S£k) = 
coh(pi). 
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Proof. According to [20] qgr(^) is Ext-finite. The according to Proposition 8.2.9 
it is sufficient to prove that qgr(^) has a strongly ample sequence. To this end we 
verify the conditions for Lemma 8.1.1. It is standard that these conditions lift from 
k to R and hence we may check them over k. Over k they follow from the explicit 
description of Amn,k given in Lemma 8.3.2. □ 

Lemma 8.3.7. The R-module 

Homqgr (^) {a{ejnC),a{eimC)) 

for i < j and m < n is flat and compatible with base change. Furthermore the 

canonical map 

(8.13) Homi5(0(-j, -n),0{-i, -m)) -)• Homqgi.(^)(c7(ej„C), c7(eimC)) 

constructed above is an isomorphism. 

Proof. We first discuss the first statement. Given Lemma 8.3.6 it is sufficient to 
check that a{ejnC) (8>r k satisfies the conditions of Proposition 8.2.7. It is easy to 
sec that (j(ej„C) is compatible with base change and i?-flat. One may then invoke 
the explicit description of a{ejnC (S>r k) given in (8.12). 

To prove the last statement we note that is is true over k by (8.12). We may 
then invoke Nakayama's lemma for R (given that everything is compatible with 
base change as we have shown above). □ 

Proof of Theorem 8.3.1. Given our preparatory work it is sufficient to prove V = 
qgr(^). By Theorem 8.2.10 we obtain that (0(n,n))„ is an ample sequence in T>. 
Given (8.13) and the Z-algebra version of the Artin-Zhang theorem [1] it is sufficient 
to prove that (cr(e_„__„C))„ forms a strongly ample sequence in qgr(^). Using 
Lemma 8.3.6 together with Theorem 8.2.10 this may be checked over k. Then we 
invoke again the explicit description of cr(e_„,_„C k) given in (8.12). □ 
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